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Abstract.

Given a polynomial optimization problem (POP), any affine transformation on its variable vector
induces an equivalent POP. Applying Lasserre’s SDP relaxation to the original and the transformed
POPs, we have two SDPs. This paper shows that these two SDPs are isomorphic to each other
under a nonsingular linear transformation, which maps the feasible region of one SDP onto that
of the other isomorphically and preserves their objective values. This fact means that the SDP
relaxation is invariant under any affine transformation.
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1 Introduction

A polynomial optimization problem (POP) is the problem of minimizing a polynomial objective
function over a feasible region defined by polynomial equalities and inequalities. In recent years,
intensive and extensive studies have been done on theoretical and practical aspects of semidefinite
programming (SDP) and sum of squares (SOS) relaxations for POPs since Lasserre’s and Parrilo’s
pioneering works on this subject [9, 14]. In theory, the SDP and SOS relaxations guarantee global
optimal solutions to POPs under various moderate assumptions [9, 12, 13]. In practice, some
software packages [1, 15, 17] are available, and the sparse SDP and SOS relaxations [10, 16] can
now be applied to large-scale POPs. The SDP and SOS relaxations also have been extended to
polynomial SDPs (3, 4, 6] and POPs over symmetric cones [8, 16].

In this paper, we consider a POP (1) with an n-dimensional variable vector € R" and a POP
(10) with a variable vector w € R" transformed from (1) by an affine transformation € = Aw + b,
where A denotes an n X n nonsingular matrix and b € R"™. Applying Lasserre’s SDP relaxation, we
obtain a pair of SDPs, one from the original POP (1) and the other from the transformed POP (10).
We show that these two SDPs are isomorphic. More specially, there exists a nonsingular linear
transformation between their feasible regions that preserves their objective values. The POPs
and SDPs which we deal with and the invariant relations which we establish are summarized in
Figure 1.

r=Aw-+b
POP (1) onx | «<— | POP (10) onw
SDP relax. SDP relax.
z = P;(ér)y

SDP (6) on Yy | ¢— |SDP (13) on =2

Dual Dual

q = p
W = Py XPuy

SDP (8) Zi = PapYiPo)SDP (15)
>

on (0, X, {Y;}71) on (¢, W, {Z;}7.)

EquiVI EquiVI
SOS (9) SOS (16)

Figure 1: Invariance of Lasserre’s SDP relaxation under an affine transformation

This paper is organized as follows. Section 2 describes the SDP relaxation proposed by Lasserre
[9]. Section 3 presents the main results, the invariant relations under an affine transformation in
the SDP relaxation illustrated in Figure 1. Section 4 is devoted to their proofs. Section 5 is
devoted to some concluding remarks.

We introduce some symbols used in this paper. Let R denote the set of real numbers, Z, the set
of nonnegative integers, and R[z] the set of polynomials in a variable vector = (z1,...,z,)’ €
R". For every a € Z, * denotes the monomial z{" - - - %™ and |a| = Y1 ; @;. Given a polynomial
f € Rlz], let F' denote the set of exponents of the monomials of f with non-zero coefficients.
Then F is a finite subset of Z'} and is called the support of f. f € Rlx] can be written as
f(@) =2 cr fax®. The degree deg(f) is the maximum value of || over all o € F.



2 Lasserre’s SDP relaxation

In this section, we present the SDP relaxation proposed by Lasserre [9]. Our description of the
relaxation below is based on a general framework given in [7] for SDP relaxations of POPs over
cones, and it is slightly different from the original description [9] using the moment theory. We
deal with the polynomial optimization problem

minimize fy(x) subject to fj(x) >0 (j=1,...,m). (1)

where fo,..., fm € Rlz]. The SDP relaxation is composed of two steps. The first step is to
replace the polynomial inequalities fj(x) >0 (j =1,...,m) by a set of valid polynomial matric
inequalities. The resulting problem forms a polynomial SDP having the same polynomial objective
function as POP (1) and polynomial matrix inequalities which are equivalent to the polynomial
inequalities of POP (1). The second step is to linearize the polynomial SDP by replacing each
monomial % in the polynomial SDP with a variable y,.

For every r € Zy, let G, = {o € Z} | || < r} and let u,(x) be the column vector of all

. T .
monomials * (a € Gy): u,(x) = (% 21,..., 2y, 2%, 2129, ..., 2%, ..., 2],...,2})" , where 2" is 1

for any € R"™. Let s(r) = ("1") denote the cardinality of G,, which coincides with the size of the
column vector u,.(x). We introduce the s(r) x s(r) symmetric matrix w,(x)u,(z)7; the (3,7)th
element of the matrix is given by %17 for each pair of row and column indices 3, v € G,. To
represent u,(x)u,(x)? in terms of a polynomial in  with symmetric matrix coefficients, define

an s(r) x s(r) matrix E, whose elements are given by

1 fa=pg4+~, and 38,7 € G,
0 otherwise,

(Ea)oo = { @)
for every o € G,. Then we can write u,(x)u,(z)’ = Y acG,, T Eq. We also deal with the s(r) x
s(r) matrix f(x)u,(x)u.(x)T for each f € R[z]. The (3,7)th element of the matrix is °*7 f(x)
for 8,7 € G,. The matrix can be represented as f(z)u,(z)u,(x)’ = zaeGQr+deg(f) **B,, for
some s(r) x s(r) matrices By (o € Gopqdeg(f))-

We observe that u,(x)u,(x)? is positive semidefinite for all x € R", and that f(x)u,(z)u, ()
is positive semidefinite for any « such that f(x) > 0. As the first step of the SDP relaxation of
POP (1), we will derive an equivalent polynomial SDP. Let 7 be the maximum value of [deg(f;)/2]
over all j =0,1,...,m. Choose a nonnegative integer » > 7, and let r; = r — [deg(f;)/2] for all
j =1,...,m. By definition, we see that r,7; € Z; (j = 1,2,...,m). Replacing each constraint
fi(®) >0 by fj(x)u, (z)u,,; ()" = O in POP (1) and adding u,(x)u,(z)" = O to POP (1), we
now obtain a polynomial SDP

minimize  fo(x)
subject to  fj(x)u,, (x)u,, (€)" = O (j=1,...,m), (3)
ur(m)u,«(m)T = 0.

Note that the (1,1)th element of the symmetric matrix w,, ()u,,(2)” involved in the constraints

is 1 for every j = 1,...,m. This ensures that f;(@)u, (z)u,,(x)” = O if and only if fj(x) > 0.
Therefore, POP (1) and polynomial SDP (3) are equivalent to each other. We further rewrite
polynomial SDP (3) as

minimize ¢l wuo, ()
subject to > cq, TBja =0 (j=1,...,m), (4)
Y acG,, TEq = O

for some s(2r)-dimensional column vector cg, such that fo(z) = ¢ ug.(x) for all z € R, some
s(r) x s(r) symmetric matrices E, and some s(r;) x s(r;) symmetric matrices B o (o € G, j =



1,...,m). By construction, we know that deg(fy) < 27 < 2r. Hence, for any a € Ga, \ Gor,
the ath element (cg,)a of the column vector cg, vanishes. This fact will be used later to see the
monotonicity of the optimal value v} of SDP (6) with respect to r.

Note that we use G instead of Gy, deg(f;) to describe the matrices Y acc ,, £ Bj o in poly-
nomial SDP (4) for the sake of simplicity. Indeed, we know that Ga,, 1 deg(s;) C Gor, and if Ga; \
Gar, tdeg(f;) is not empty, weset B, = O forall o € GQT\G27~j +deg(f;)- Then > x*Bj
=Y acG,, T Bja holds.

Before we proceed to the second step of the SDP relaxation, we show some examples to illustrate
the symbols and notation used above.

aEG2rj +deg(f;)

Example 2.1. In the case of n = 2 and r = 2, we have

G, = {(070)7(170)7(071)7(270)7(171)7(072)}7

ur(m) - (mo,l‘l,,fg,l‘%,l‘ll?,ﬂf%),r,
x° 1 9 2 w9 23
1 2 mze | 23 2iwe x123
2 2 2 3
T X9 12 1‘2 1‘11‘2 1‘11‘2 1‘2
ur(@)ur(z)” = 77 3 wiro | 2l afxy il |7
179 | X220 m173 | X320 2223 7173
x% xlx% x% x%x% 1‘11‘% ﬂcg
G S (070)7(170)7(07 1)7(27 0)7 (171)7(07 2)7(37 0)7(27 1)7
v (1,2),(0,3), (4,0), (3,1),(2,2), (1,3),(0,4) '

Recall that ¥ = 1 for any = € R™, so that the (1,1)th element of u,(z)u,(x)T is 1. If we take
a=(2,0) € Go, and a = (3,1) € Goy, we see

1
1
Eeo = |7 and B 1) = |
1
where each blank above means 0.
Example 2.2. Let n =2, f(x) =2 — 21 + 22, and r = 1. Then
GT = {(07 0)7 (17 0)7 (07 1)}7
u?‘(m) = (moyxlyx2)T7
f(@)u (z)u (z)"
220 — z1 + 29 271 — o3 + 2179 279 — 1179 + T3
= 271 — 12 + 2129 222 — 13 + 2219 20179 — X320 + 1125 |, (5)
279 — 179 + T3 27179 — X379 + 175 272 — 1123 + 23

G2r+deg(f) = {(070)7(170)7(071)7(270)7(171)7(072)7(370)7(271)7(172)7(073) }

If we take a = (1,0), (1,1),(2,1) € Gorqdeg(s), We see

-1 2 1 -1
B(l,O) = 2 5 B(l,l) = 1 2 and B(271) = 1 -1



If we replace each monomial “ on the right side of the identity (5), we have a linear mapping from
the space of s(2r + deg(f))-dimensional column vector y consisting of yo (@ € Gapyqeg(y)) into
the space of s(r) x s(r) symmetric matrices, which we will denote by M ,.(fy) in the subsequent
discussion;

M, (fy)
2y0 —ya,0 T Y0,1)  2Y1,0) — Y20 T YL 2Y0,1) — Y1) T Y0,2)
= 2Y1,00 — Y20 T Y1) 2920 — Y30 T Y 29,1 — Y1) T Yae)
2y0,1) —Y(1,1) T Y0,2) 2911 —Yen TYa2) 2902 — Ya2) t Y0,3)

= Z yozBoz-

aEG2r+deg(f)

Since the (3,7)th element of the s(r) x s(r) matrix f(z)u,(x)u,(x)T is 8T f(x) (3,7 € Gap),
the corresponding element of the s(r) x s(r) matrix M, (fy) is given by > cp faYa+s+y, Where
F is the support of f and f, is the coefficient of the monomial &® of f. In this example, we have
F = {(0,0),(1,0),(0,1)}, fo,0) = 2, fa,00 = =1, fo1) = 1 and f,, = 0 for all a ¢ F. If we take
B =1(1,0),7 = (0,0), then we have

Zfaya+6+’y = Zfaya+(1,0)+(o,0)

aceF acF
J(0,009(0,00+(1,0) T [(1,00¥(1,0)+(1,0) + (0,1)¥(0,1)+(1,0)
= 2Y(1,0) — Y2,0) + Y(1,1);

and we can see that the left-hand side is equal to the (3,v)th element of the matrix M, (fy).

Now we perform the second step of the SDP relaxation of POP (1). Recall that we have derived
an equivalent polynomial SDP (4) from POP (1) in the first step. We apply the linearization to
the objective polynomial function and the polynomial matrix inequality constraints of polynomial
SDP (4) by replacing each x® by a single real variable y,, (o € Ga,). Then we obtain an SDP

minimize  ¢l.y

subject to M, (fiy) = O (j = 1,....m), M,(y) = O, yp = 1. } (6)

Here

r]f] Zya J,a ]—1 Zya as (7)

a€Gay aE€Gar

respectively. The size of variable vector y is s(2r). For each 3,7 € G, the (3,7)th element of
M, (fjy) is ZaeFj [j.aYa+B+~, Where Fj denotes the support of f; and f;, the coefficient of the
monomial % of f;.

We note that SDP (6) is defined for every nonnegative integer » > 7. Hence we obtain an
infinite sequence of SDP relaxation problems of POP (1). Let v* denote the optimal value of POP
(1) and vy the optimal value of SDP (6) with r > 7. Then v} < v} ; <v* for all » > 7. In fact, if
x € R" is a feasible solution of POP (1) (hence it is a feasible solution of polynomial SDP (4)), then
y = ug.(x) € R*®) is a feasible solution of SDP (6) with the objective value ¢}y = ¢l uo,(x).
This implies that if POP (1) attains an objective value at a feasible solution then so does SDP
(6). Hence vy < v*. The monotonicity of vy is proved as follows. Let y € R*C+1) be a feasible
solution of SDP (6) with » = r +1. Then M, 11(y) = O (j = 1,...,m) and M, 1(y) hold
from the feasibility. Let y denote the subvector of y consisting of the elements Yo With indices «
restricted to the members of Ga,. Then M, (y) = O (j = 1,...,m) and M,(y) = O because
M, (y) (j=1,...,m) and M,(y) are leading principal submatrices of M, ,11(y) (j = 1,...,m)
and M ,,1(y), respectively. Hence g is a feasible solution of SDP (6) with . We also see that



cg(rﬂ)y =cly= ZaeG% (c2r)alia because (c2r)a = 0 and (cy(r41))a = 0 for any a € Ga, \ Goy.
As a result, we have vy <oy, ;.

In [9], Lasserre showed the convergence of v (r > 7) to the optimal value v* of POP (1) as
r — oo under a certain moderate condition which requires the boundedness of the feasible region
of POP (1) (see Theorem 4.2 of [9]). He also demonstrated that the optimal value v of SDP (6)
attains the optimal value v* of POP (1) for a finite r, which is not much larger than 7, in all test
problems reported there, and suggested that the finite convergence of v} (r > 7) to v* is expected
in many practical problems. The following sufficient condition for the finite convergence, which
we call the rank condition, was proved in [2, 11].

Proposition 2.3. Let y* be an optimal solution of SDP (6) and d = max;—i__,[deg(f;)/2]. If
rank M, (y*) = rank M,_4(y*), then v is equal to the optimal value v* of POP (1).

To check whether the optimal value of SDP (6) attains the optimal value of POP (1) or not, this
condition was used in the software package GloptiPoly [1].
The dual problem of SDP (6) turns out to be

maximize p

subject to (X, E0> + Z (Y, Bjo) = (cor)o — s (®)
(X, Eq) + ZT: < B] a) = (c2r)a  (a € Gop \ {0}),
X Y -0 (j=1,...,m),

where (A, B) denotes the matrix inner product ), >, Ap¢ By for symmetric matrices A and B,
and the size of the matrix variables X and Y'; are s(r) x s(r) and s(rj) x s(rj) (j = 1,...,m),
respectively. We are also concerned with an SOS relaxation problem of POP (1) (Lasserre [9])

maximize p
subject to  fo(x) — p = u, ()T Xu,.(x) + Z;”Zl fi(x)u,, (:I:)TYjurj(:D) (Vx € R™), (9)
X,YjEO (]:1,,m)

The equality condition of the problem (9) is the identity on . We can verify that the dual SDP
(8) is equivalent with the problem (9). In fact, comparing coefficients of each monomial on the
both sides of the identity, we obtain the equality constraints in SDP (8). See Lasserre [9] for more
details.

3 Main results

In this section, we first introduce a POP transformed from (1) by an affine transformation x =
Aw + b, where A € R™ " is a nonsingular matrix and b € R".

minimize fo(w) subject to fj(w) >0 (j=1,...,m), (10)

where fo(w) = fo(Aw+b) and fj(w) = f;(Aw+b). We derive Lasserre’s SDP relaxation problem
(13) for the transformed POP (10) and its dual (15) as we have done for POP (1), and we then
describe details of the isomorphic relations illustrated in Figure 1.
By the definition of fj, deg(f;) = deg(fj) holds for all j = 0,1,...,m. Thus, We can construct
a sequence of SDP relaxation problems from POP (10) for all r € Z, satisfying r > 7. Moreover,
the obtained SDP (13) has s(r) x s(r) and s(r;) x s(r;) coefficient matrices for all > 7 as in (6).
To generate the polynomial SDP from POP (10), we use the monomial vector

0 2 2 r r\T
Up(w) = (W, W1,y Wy, W, WIW, ey Wiy ooy WYy, W)



T

where w® = 1 for any w € R", and represent the matrix wu, (w)u,(w)” in w as

u(wu(w)" = Y wE,,

acGoy

where E,, is given by (2).
The first step of the SDP relaxation for (10) gives the polynomial SDP:

minimize  fo(w)
subject to ﬁ(w)urj(w)urj(w)T =0 (j=1,...,m), (11)
u,(w)u,(w)" = O,

where r; = r — [deg(f;)/2] (j = 1,...,m). Let & € R*?") be the column vector such that
fo(w) = &% ug.(w) for all w € R™. Note that the size of each coefficient matrix of polynomial
SDP (11) is the same as that of the corresponding matrix of polynomial SDP (3). We can also
write polynomial SDP (11) as

minimize & uo, (w)

subject to > cq,. wO‘BLa =0 (j=1,...,m), (12)
acGy, WEL = O
for some s(r;) x s(r;) real symmetric matrices B (j = 1,...,m;a € Ga,).

Applying the linearization to polynomial SDP (12) as the second step of the SDP relaxation,
we now obtain the SDP relaxation problem for POP (10):

minimize &2,z (13)
subject to M, (f;jz) =0 (j=1,...,m),M.(z) = O,z =1,

where 3 3
Mrj(sz) = Z 2aBja (J=1,...,m), M.(z) = Z ZaEa. (14)

a€Gay a€Gar

The size of the variable z is s(2r). Note that the (3,7)th element of the matrix M, ( fiz) is
Zaeﬁj fj,azaJr@ﬂ for 8,y € G;, where Fj is the support of f] and fj,a is the coefficient of the

monomial w® of fj.
The dual problem of SDP (13) is

maximize ¢

subject to (W, Eo) +>_7"1(Z;, Bjo) = (€2r)o — 4,
(W,E.) + Z;‘n:1<Zj73j,a> = (Cor)a (o € Gor \ {0}),
W.Z; =0 (j=1,...,m),

(15)

where W € R¥>*s(") and Z; € R*")*5() Note that SDP (15) is also equivalent with the SOS
relaxation problem of POP (10):

maximize ¢
subject to  fo(w) — ¢ = u,(w) Wu, (w) + >y fi(w)uy, (w)"'Z ju,,(w) (Vw € R"), (16)
W.Z; =0 (j=1,...,m).

Recall that a similar equivalent relation between SDP (8) and (9) was observed at the end of
Section 2.
The following theorems are the main results of this paper.



Theorem 3.1. There exists an s(2r) x s(2r) nonsingular matriz Py, satisfying the following
properties.

1. (p, X, {Y;}]L,) is a feasible (optimal) solution for SDP (8) if and only if
(@ W AZ737) = (0, Py X Py AP ()Y P et

is a feasible (optimal) solution for SDP (15), where Py and P,y are the s(r) x s(r) and
s(rj) x s(rj) leading principal matrices of Pyayy.

2. y is a feasible (optimal) solution for SDP (6) with an objective value ¢k .y if and only if
z = P_} .y is a feasible (optimal) solution for SDP (13) with the same objective value &% z.
s(2r) 2r

3. We have

T
PS(QT)CQTW

Bm = Ps_(}«j) Z (Ps(%))ﬁ,aBiﬂ Ps_(rfj)’

BeGar
E, = Ps_(i) Z (Ps(2r))5,aEﬂ Ps_(::)
6EG2T

Theorem 3.2. Let y* be a feasible solution of SDP (6), and let z* = Ps_ér)y*. If y* satisfies the
rank condition rank M, (y*) = rank M ,._4(y*), then z* satisfies the rank condition rankM ,(z*) =
rankM ,_q4(z*) with the same r.

Proofs of Theorems 3.1 and 3.2 will be given in Section 4.

4 Proofs

4.1 Basic lemmas

In this subsection, we construct matrices Py, Py and Py (j = 1,...,m) involved in
Theorem 3.1 from the affine transformation @ = Aw + b, and show some basic properties on these
matrices.

Lemma 4.1. There exists a sequence of nonsingular matrices Py, € Rk s (k) (k € Zy) satis-
fying the following properties:

1. up(x) = Pypyup(w) for every © and w such that x = Aw +b.

2. Let < k. There exist matrices R € REK)=s@)xs(0) 4nq § ¢ REE)=s(O)x(s(k)=s(0) gyych that

_( Pyp O
Ps(k) = < R S .

Proof: For every k € Z, and o € Gy, substituting Aw + b for &, we can represent the monomial
x® as a polynomial in w:
n
¥ = (Aw+b)* = H(Aw +b) = Z P, sw”
i=1 BEG)



for some P, (3 € G). Defining P, to be an s(k) x s(k) matrix whose (a, 3)th component is
Py for every a, 3 € Gy, we see that ug(z) = ur(Aw +b) = P up(w). By a similar argument
applied to the inverse affine transformations w = A~'ax — A~!b, there exists a nonsingular matrix
Q) € R5F)*s(k) such that wy(w) = up(A 'z — A71b) = Qs(ryuk(x). It follows from uy(z) =
P 1) Qyur () for every € R™ that P,)Q ) = I. We see that P is nonsingular.

It remains to prove property 2 on Pgy). We can partition uy(x) = (us(x)”, ve(x)”)” and
ug(w) = (ug(w)?, vy (w)")T, where v,(x) and v,(w) are column vectors of all monomials * and
w® for every a € G \ Gy. Let us write:

u(x) P Q u(w)
wie) = (W) = (5 S (W) < Pt
where P € REO0 @ ¢ ROX6(0)-50), R ¢ REOXGE-50) and § ¢ REFI-O)x (k)50

respectively. It follows from this relation that us(x) = P'uy(w) + Q'vy(w). Because uy(x) =
P yug(w) for all ,w satisfying = Aw + b, we obtain the identity on w:

P'uy(w) + Qve(w) = Pypug(w) for all w € R

Comparing the coefficients of each monomial w® on the both sides of this identity, we have P’ =
Ps(é) and Ql = 0. 1

Example 4.2. We consider the following affine transformation:

wy + 1 wy + 1
and 19 = —.
2 2

A:<1/2 1/2)6‘“‘“’:(%;)

Under this affine transformation, ug(x) = P2)uz(w) turns out to be

I =

In this case,

1 1 1

T 1/211/2 w1

. ) . 1/2 1/2 w2
T1T9 1/411/4 1/4 1/4 Wy wWy

3 1/4 1/2 1/4 w3

Hence, Py) and Py are

1
PS(O) = (1) and Ps(l) = 1/2 1/2
1/2 1/2

We can see that Pq), Py1) and Pg) have all properties in Lemma 4.1.

Lemma 4.3. Let f € R[x] and k > deg(f). Define a polynomial f € Rlw] b
Represent f € Rlx] such that f(x) = flug(x) for some f € R**) and

f(w) = F ug(w) for some f € R®). Then f = PT, f.

= f(Aw+Db).

y f(w)
f € Rlw] such that

Proof: By definition, we see that fTuk(w) = f(w) = f(x) = fTup(x) if © = Aw + b. By
property 1 of Lemma 4.1, we know that uy(z) = P ur(w) if z = Aw + b. Hence fTuk(w) =

(P;F(k)f)Tuk(w) for all w € R". Comparing the coeflicients of all monomials w® on the both sides
of this identity, we obtain the desired result. y



4.2 Proof of property 1 of Theorem 3.1

We only prove the “only if” part of property 1 of Theorem 3.1 because we can prove the “if”
part similarly. Since SDP (8) is equivalent to SOS relaxation problem (9), any feasible solution
(p, X, {Y;}]2,) of SDP (8) satisfies the following identity on x:

fo(x) —p = u, ()T Xu,(x) + Z fi(@)u, (x z)TY ; jur;(x)  for every x € R".

By substituting € = Aw + b into the both side of the identity above and by applying property 1
of Lemma 4.1, we obtain the following identity on w:

fo(’w)—p
= u(w)PY X Pyu Zf w)uy, (w)" Py, VP yur, (w)

for every w € R".

Note that P;F(T)XPS(T) and P;F(Tj)YjPS(T].) (j = 1,...,m) are positive semidefinite matrices.
These facts imply that (¢, W,{Z;}].;) = (p, PS(T)XP {Ps(r Y P, }iL), is a feasible
solution of SOS relaxation problem (16) of POP (10). Hence (q, {Z }721) is a feasible solution
for SDP (15) because SDP (15) is equivalent to SOS problem (16).

4.3 Proof of property 2 of Theorem 3.1

To prove property 2 of Theorem 3.1, we will use two lemmas below. Throughout this subsection,
we assume that r > 7 is fixed, and we denote the (a, 8)th element of P,y by Py g for simplicity
of notation.

Lemma 4.4. Let k € Z1 and £ € Z satisfy 2r > k+£. Then

Poigy = Z Py Pgr, for every a € Gy, B € Gy and v € Gay.

Y=y1+72,
71E€GL,12€Gy

Proof: Let a € G, and B € Gy be fixed. Property 2 of Lemma 4.1 gives
Paﬁ =0 (V’}/ S GQ,« \ Gk), Pﬁ;y =0 (V’)/ S GQ,« \ Gg) a_,_g,y 0 (V’Y S Gzr \ Gk+g).

By property 1 of Lemma 4.1, we see that

¢ = Z P, w” = Z Py w7, z’ = Z Psw = Z Ps w7,

vEGar vEG yEG2, yeGy
+8  _ _
z 0 = E : Potpryw’ = E : Potpryw’.
YEGar YEGK+e

It follows from these relations that

A atpB _ aB M V2
S Pt = o el = (3 P | (Y Baw
YEGK ¢ 71 €GE Y2€Gy

= Z Z Py B3y w’.

YEGhte Y=71+72,
M EGE,12€G,

Comparing the coefficients of each monomial w7, we obtain the desired result. |



Lemma 4.5. Assume that f € Rlx], r > [deg(f)/2] and 2 € R*?"). Let § = Pz, ' =
r— [deg(f)/2] and f(w) = f(Aw +b). Then Py, M (f2)PY,\ = M(fj) holds.

Proof: Because the size of PS(T/)MT/(fé)Pz(T,) coincides with that of M, (f¥), it is enough to
show that the («, 3)th element m, 3 of PS(T/)MT/(fé)Pz(T,) is equal to the (o, B)th element m, 3

of M,/(fg) for all a, 8 € Gs. Substituting § = Py, 2 into M,/ (f9), we see by the assumption
Yy = Py,)z and Lemma 4.1 that

Ma,p = Z f’yga+ﬁ+v = Z f’y Z Pa—i—ﬁ-ﬁ-%éié

yeF yeF 6€Gayr
= Zf’y Z Pa+ﬂ+7,526 )
VEr 0€Ggeg(f)+2r

where F' denotes the support of the polynomial f, f € R*®") the coefficient vector of f such that
f(x) = fTuo.(x) and [+ the yth element of f. On the other hand, we obtain by the definition of
mq,p and deg(f) = deg(f) that

61€G,1 826G, V' €Gdeg(f)

where F' denotes the support of the polynomial f , f € R*?") the coefficient vector of f such that

f(w) = }Tu% (w) and f, the vth element of f. We also see from Lemma 4.3 and deg(f) = deg(f)
that f,, = veF [Py for all v € Gaeg(r)- By these relations and Lemma 4.4, we obtain the
following relations:

Mag = Y. Y Pag > > KPoy | Zyisits | Pas

601€G,s 62€G s V' E€Gaeg(r) \VEF
= Z fv Z Py Z Z P51 P8,65 % +6,+62
yeF 'YleGdeg(f) 01€G,s 62€G s

- Zf‘Y Z Py Z Z Pos, Pssy | 246

YEF 'YleGdeg(f) 0€Gqy,r 6=01+062,
01,02 EGT/

= > Ff Y. P | D Pappedyis| (by Lemma 4.4)

yeF 'YleGdeg(f) JEGQT/
= Y H1 D DL PrvParsitvas
YEF 'YIEGdeg(f) 0€Gy,r

= Z fy Z Pt p+,6%5 (by Lemma 4.4)
"/GF 6€Gdeg(f)+2’r’
= ma,ﬁ.

This completes the proof. |
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Now we are ready to prove property 2 of Theorem 3.1. We only prove the “only if” part since
we can prove the “if” part similarly. Letting f = 1 in Lemma 4.5, we obtain PS(T)MT(Z)PST(T) =

M., (y). Since y is feasible for SDP (6) and z = P_}

s(2rY> we obtain that

M.(z) = P M, (y)P,] >0,

M, (fiz) = Ps(r M., (fjy)P S(T 0 (j=1,...,m).
These imply that z is feasible for SDP (13). By Lemma 4.3 and the definitions of ¢y, and ¢g, , we

also see that ¢y = PZ(2T)CQT and &2Trz = chPS(2T)PS_éT)y = cgry. This shows that the objective
value of SDP (13) coincides with that of SDP (6).

4.4 Proof of property 3 of Theorem 3.1

Recall that we have already proved ¢o. = P5T(2T)02T, which is the first identity of property 3 of
Theorem 3.1, in Lemma 4.3. To prove the second identity, let j € {1,...,m} be fixed arbitrarily.
Then we observe that

Z ZaBj,a = M?‘j(sz) (by (14))

acGoy

= Ps(r Mrg (f] ) S(:;[: (by Lemma 45)

= P | D Bjsys | Pty (by (7))
6EG2T

- p-l -7
= Ps(rj) Z B3 Z Pg 24 Ps(rj) (by property 2 of Theorem 3.1)
6EG2T acGayr

= Py | Dz Y PsaBis| Py

acGyr  PEGa,

= > =Py, | Do PraBis| Py,

a€Gay BeGar

Comparing the both sides of the above equality, we have the second identity of property 3 of
Theorem 3.1.

Taking fj(x) = 1 in the above argument, we can similarly show the third identity of property 3
of Theorem 3.1. The details are omitted here.

4.5 Proof of Theorem 3.2

It suffices to show that rankM(z*) = rankM(y*) for every £k < r. To show this, let k €
{0,1,...,r} be fixed. By property 2 of Lemma 4.1, we can express

P,y O

for some R € REM=sk)xs(k) 5nq § e REC)=sk)x(s(r)=s(k)) ~ Guhstituting this into the relation
Py, M, (z )PS(T) M . (y*), and taking the s(k) x s(k) principal submatrices of the both sides,

we obtain P My(z )PsT(k) = M (y*). Because Py is nonsingular due to Lemma 4.1, we see
that rank M (z*) = rank M (y*) for all & <.
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5 Concluding remarks

We have shown that Lasserre’s SDP relaxation [9] is invariant under any affine transformation
on the variable space R". We can also say that Py(,) has the invariance property between the
polynomial SDP and its linear SDP relaxation, and that the affine transformation induces such
linear transformation on R[x]. In fact, one of the key observations was the block lower triangular
structure of P, of the linear transformation on R[x]. See property 2 of Lemma 4.1. We can
hardly imagine that any linear transformation on R[] that does not have this property will have the
good invariance property. On the other hand, we can consider some other linear transformations
on R[z] having the same block lower triangular structure property. Such a linear transformation is
natural in the sense that it maps any polynomial of degree r to a polynomial of the same degree.
Whether a linear transformation of this type has the same invariance property or not will be the
subject to further research.

An important usage of an affine transformation of a POP is to increase numerical stability. We
can scale a POP to be solved by applying an appropriate affine transformation in advance so that
the transformed POP could be solved more stably. Suppose that a POP to be solved involves a
higher degree monomials in variables x1, ..., x,, and that they are expected to take large numerical
values at optimal solutions. Then it is likely that optimal solutions of its SDP relaxation contain
huge numerical values, which causes a numerical instability. It was reported in [16] that scaling
those variables within [0, 1]™ is very effective to avoid this type of numerical instability, and this
technique was incorporated in SparsePOP [17].

In this paper, we have not paid any attention to the sparsity of the polynomials involved
in a POP, and we have restricted ourselves to the “dense” SDP relaxation of a POP. Another
important usage of an affine transformation on the space of a variable vector of a POP is to
improve its sparsity so that we can apply the “sparse” SDP relaxation [10, 16] to the transformed
POP. This issue is discussed in the recent paper [5]. We should mention, however, that when we
apply the “sparse” SDP relaxation to POPs the invariance under affine transformation does not
hold any more in general.
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